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BOUNDS OF INCIDENCES BETWEEN POINTS AND
ALGEBRAIC CURVES
HONG WANG, BEN YANG, AND RUIXIANG ZHANG
Abstract. We prove new bounds on the number of incidences between points and
higher degree algebraic curves. The key ingredient is an improved initial bound,
which is valid for all fields. Then we apply the polynomial method to obtain global
bounds on R and C.
1. introduction
The Szemere´di–Trotter theorem [STJ83] says that for a finite set, L, of lines and
a finite set, P , of points in R2, the number of incidences is less than a constant times
|P |
2
3 |L|
2
3 + |P | + |L|. There have been several generalizations of this theorem. For
example, Pach and Sharir [PS98] allow simple curves that have k degrees of freedom
and multiplicity-type C: (i) for any k distinct points there are at most C curves
in L that pass through them, and (ii) any two distinct curves in L have at most C
intersection points. This is summarized in the following theorem:
Theorem 1.1 (Pach–Sharir 98). For a finite set P of points in R2 and a finite set
L of simple curves which have k degrees of freedom and multiplicity-type C. The
number of incidences |I(P, L)| := |{(p, l) ∈ P × L, p ∈ l}| satisfies
(1.1) |I(P, L)| .C,k |P |
k
2k−1 |L|
2k−2
2k−1 + |P |+ |L|.
Notation. We use the asymptotic notation X = O(Y ) or X . Y to denote the
estimate X ≤ CY for some constant C. If we need the implicit constant C to
depend on additional parameters, then we indicate this by subscripts. For example,
X = Od(Y ) or X .d Y means that X ≤ CdY for some constant Cd that depends on
d.
The main result of this paper is an improvement to Theorem 1.1 when L is a set
of higher degree algebraic curves.
Let L be a finite set of algebraic curves of degree ≤ d in R2, any two of which do
not share a common irreducible component. Let P be a finite set of distinct points
in R2. By Be´zout’s theorem, there is at most one curve in L that goes through a
subset of P of size d2+1. In the notation introduced by Pach and Sharir, a degree d
algebraic curve has d2+1 degrees of freedom and multiplicity-type d2. However, one
1
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may wonder whether d2+1 is a misleading definition of the degrees of freedom since
generically A :=
(
d+2
2
)
−1 points determine a degree d algebraic curve and A ≤ d2+1
when d ≥ 3.
This suggests that Theorem 1.1 may still hold for degree d curves with the “generic
degree of freedom” A. Indeed, we prove that this is the case.
Theorem 1.2. Let d be a positive integer, A =
(
d+2
2
)
− 1, L a finite set of degree
≤ d algebraic curves in R2 such that any two distinct algebraic curves do not share
a common irreducible component, and P a finite set of points in R2. Then,
(1.2) |I(P, L)| .d |P |
A
2A−1 |L|
2A−2
2A−1 + |P |+ |L|.
This gives a better bound than Theorem 1.1 for degree d algebraic curves when
d ≥ 3. It gives the same bound when d = 1 or d = 2.
We generalize Theorem 1.2 to algebraic curves parametrized by an algebraic vari-
ety.
Definition 1.3. Given an integer d ≥ 1 and a field F, consider the Veronese embed-
ding νd : P
2 → PA given by:
νd : [x, y, z] 7→ [x
d, . . . , xiyjzk, . . . , zd]i+j+k=d.
We identify a degree d curve in P2 with the preimage of a hyperplane in PA or a
point in the dual space (PA)∗. We say a subsetM of the space of degree d polynomials
⊂ Sd is parametrized by an algebraic variety M if it is the preimage of M ⊂ (P
A)∗,
and we define the dimension of M to be dimM .
A consequence of the Theorem 1.2 is the following:
Corollary 1.4. Given an integer d ≥ 1, A =
(
d+2
2
)
−1, and a subset M of the space
of degree d polynomials is parametrized by an algebraic variety M of dimension ≤ k.
Let P be a finite set of points in RP2, and L a finite subset of M such that no two
curves in L share a common irreducible component. Then,
(1.3) |I(P, L)| .M |P |
k
2k−1 |L|
2k−2
2k−1 + |P |+ |L|.
This generalization is helpful when we consider a family of curves with special
properties, for example, parabolas, circles and a family of curves passing through a
common point.
The proof of Theorem 1.2 is a standard application of the polynomial method
(see for example [Dvi09] and [GK10]) with the following new initial bound. For an
exposition of the polynomial method we refer the reader to [KMS12].
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Lemma 1.5 (Initial bound). Let F be a field. Given an integer d ≥ 1, A =
(
d+2
2
)
−1,
a finite set of algebraic curves, L, in F2 of degree ≤ d such that any two distinct curves
in L do not share a common component, and a finite set of points, P , in F2. Then,
(1.4) |I(P, L)| .d |P |
A + |L|.
Combining (1.4) with Solymosi and Tao’s polynomial method and induction on
the number of points [ST12], we obtain the following incidence theorem on complex
space:
Theorem 1.6. Given an integer d ≥ 1, A =
(
d+2
2
)
−1, a finite set of points P in C2,
a finite set of algebraic curves, L, in C2 of degree ≤ d such that any two curves: (i)
do not share a common irreducible component; (ii) intersect transversally at smooth
points. Then, for any ǫ > 0,
(1.5) |I(P, L)| .ǫ,d |P |
A
2A−1
+ǫ
|L|
2A−2
2A−1 + |P |+ |L|
and
(1.6) |I(P, L)| .ǫ,d |P |
A
2A−1 |L|
2A−2
2A−1
+ǫ
+ |P |+ |L|.
Acknowledgements. We would like to thank Larry Guth for encouraging us to
work on the problem. He suggested that we try: improving the initial bound and
working on algebraic subsets. We also thank Alex Townsend for reading drafts and
for the suggestions.
2. Proof of Theorem 1.2
2.1. The initial bound. In this subsection we prove the initial bound by double
counting.
Definition 2.1. Given a point p ∈ P2, let Hp denote the corresponding hyperplane
in PA∗ via the Veronese embedding and dual. Given a finite set of points Γ =
{p1, . . . , pn}, we define md(Γ) = dim(∩Hpi), which characterizes the dimension of
curves passing through all the points in Γ. In particular, if md(Γ) = 0, there is at
most one curve of degree d that passes through Γ.
Proof of Lemma 1.5. We may remove curves containing fewer than d2 + 1 points by
adding O(|L|) to the bound. Now we assume that each curve contains more than
d2 + 1 points of P .
Fix a curve l ∈ L. We call an A-tuple Γ′ good if it is a subset of Γ ⊂ l with
|Γ| = d2 + 1 and md(Γ
′) = md(Γ). For any (d
2 + 1)-tuple Γ ∈ l ∩ P , there exists a
good A-tuple ⊂ Γ since L is parametrized by PA.
Since ∩p∈ΓHp and ∩p∈Γ′Hp have the same dimension and ∩p∈ΓHp ⊆ ∩p∈Γ′Hp,
the two vector subspaces are in fact the same. In other words, any curve in L
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passing through Γ′ must pass through all of Γ. Since curves in L do not have a
common irreducible component, by Be´zout’s theorem, every set of d2 + 1 points
determines a unique curve in L. Hence, every good A-tuple determines a unique
curve in L. There are at least
(
|l∩P |
d2+1
)
/
(
|l∩P |−A
d2+1−A
)
distinct good A-tuples Γ′ determining
l. The number of good A-tuples determines the number of points in l ∩ P because(
|l∩P |
d2+1
)
/
(
|l∩P |−A
d2+1−A
)
= O(|l∩P |A) & |l∩P |. On the other hand, the number of A-tuples
is
(
|P |
A
)
= O(|P |A). Then,
|I(P, L)| =
∑
l∈L
|l ∩ P | . |P |A + |L|,
where the |L| term comes from the first step when we deleted curves with fewer than
d2 + 1 points from P . 
2.2. Polynomial method. Now we can apply the polynomial method to the initial
bound and conclude the proof of Theorem 1.2. We shall use the following polynomial
partitioning proposition (see, for example, Theorem 4.1 in [GK10]):
Proposition 2.2. Let P be a finite set of points in Rm and let D be a positive integer.
Then, there exists a nonzero polynomial Q of degree at most D and a decomposition
R
m = {Q = 0} ∪ U1 ∪ · · · ∪ UM
into the hypersurface {Q = 0} and a collection U1, . . . , UM of open sets (which we call
cells) bounded by {Q = 0}, such that M = Om(D
m) and that each cell Ui contains
Om(|P |/D
m) points.
Proof of Theorem 1.2. Applying Proposition 2.2, we find a polynomial Q of degree
D (to be chosen later) that partitions R2 into M cells:
R
2 = {Q = 0} ∪ U1 ∪ · · · ∪ UM ,
where M = O(D2) and U1, . . . , UM are open sets bounded by {Q = 0} and Pi =
Ui ∩ P . Let Li be the set of curves that have non-empty intersection with Ui. Then
|Pi| = O(|P |/D
2). By Be´zout’s theorem we see every curve meets {Q = 0} at no
more than d · D ≤ Od(D) components. Fix a curve l ∈ L, by Harnack’s curve
theorem [Har76], the curve itself has Od(1) connected components. Moreover, since
a component of l is either contained in Ui for some i or it must meet the partition
surface {Q = 0}, l can only meet Od(D) many Ui’s. Thus, we have the inequality∑
|Li| ≤ D|L|.
We may assume that every curve is irreducible, otherwise we can replace the curve
with its irreducible components and the cardinality of curves increase by only a
constant factor. Let Pcell denote the points of P in cells Ui and let Palg denote those
on the partition surface {Q = 0}. Similarly, let Lalg denote those curves that belong
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to {Q = 0} and let Lcell be the union of the other curves. We deduce by Lemma 1.5
and Ho¨lder’s inequality:
|I(P, L)| = |I(Pcell, Lcell)|+ |I(Palg, Lcell)|+ |I(Palg, Lalg)|
.d
∑
i
(|Pi|
A + |Li|) +D|Lcell|+ |I(Palg, Lalg)|
.d |P |
AD−2(A−1) +D|L|+ |I(Palg, Lalg)|.(2.1)
In addition, we may assume that |P |1/2 ≤ |L| ≤ |P |A, otherwise (1.2) already
holds either by Lemma 1.5 or by another initial bound |I(P, L)| . |P | + |L|2
(every two curves intersect at at most O(1) points). In this case, we may choose
D = Od(|P |
A
2A−1 |L|
−
1
2A−1 ) and D ≤ |L|/2. Then, the first two terms on the right-
hand side of (2.1) are Od(|P |
A
2A−1 |L|
2A−2
2A−1 ). Since |Lalg| ≤ D ≤
|L|
2
, we can perform
a dyadic induction on |L|. By repeating the above process on Lalg, we obtain the
following:
|I(P, L)| .d
∑
0≤i≤log(|L|/|P |1/2)
|P |
A
2A−1 (2−i|L|)
2A−2
2A−1 + |P |+ |L|
.d |P |
A
2A−1 |L|
2A−2
2A−1 + |P |+ |L|.
The induction stops when i > log(|L|/|P |1/2) because when 2−iL . |P |1/2 the number
of incidences in the i-th step is bounded by O(|P |). This proves (1.2).

3. An estimate for parametrized curves
We prove an initial bound with parametrized curves, which implies Corollary 1.4.
We first state two propositions that we will need to prove the initial bound.
Proposition 3.1. (see [Har77], Ch I, Exercise 1.8) If V is an r-dimensional variety
in Fd, and P : Fd → V is a polynomial which is not identically zero on V , then every
component of V ∩ {P = 0} has dimension r − 1.
Proposition 3.2. (see [Ful84], Section 2.3) Let V1, . . . Vs be subvarieties of FP
N ,
and let Z1, . . . , Zr be the irreducible components of V1 ∩ · · · ∩ Vr. Then,
r∑
i=1
deg(Zi) ≤
s∏
j=1
deg(Vj).
Lemma 3.3. With the same setting and notation as in Corollary 1.4, we have
(3.1) |I(P, L)| .M |P |
k + |L|.
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Proof. Without loss of generality we assume that F is an algebraically closed field,
every curve in L is irreducible, of degree d, and contains more than d2+1 points from
P . A curve l ∈ L corresponds to a point of intersection ∩p∈l∩PHp ∩M . Comparing
with the proof of Lemma 1.5, it suffices to prove that for every (d2 + 1)-tuple Γ in
l ∩ P , there is a Γ′ ⊆ Γ such that ∩p∈Γ′Hp ∩M contains at most OM(1) curves and
|Γ′| = k. This follows from Proposition 3.1 and Proposition 3.2 above.
Indeed, by iterately applying Proposition 3.1, we can choose Γ′ such that |Γ′| = k
and ∩p∈Γ′Hp∩M has dimension 0. By Proposition 3.2, the cardinality of ∩p∈Γ′Hp∩M
is bounded by a constant depending on k and degM.

4. A theorem on the complex field with ǫ
In this section, we follow the approach of [ST12] to sketch a proof of Theorem 1.6.
The idea is to partition the point set P with a polynomial of constant degree and
then use induction on the size of P . In other words, the degree does not depend on
the size of P and L. With an ǫ loss in the exponents, one can perform induction
on |P |, which controls incidences in the complement of the partition surface (in the
cells). Here, a constant degree implies constant complexity, and we can use dimension
reduction to estimate incidences on the partition surface.
Proof of Theorem 1.6. In our proof, C is a constant depending only on d and ǫ which
may vary from place to place. C0, C1 and C2 are positive constants to be chosen later,
where C0, C1 > 2 are sufficiently large depending on d and ǫ, and C2 is sufficiently
large depending on C1, C0, d and ǫ.
We do an induction on |P |. Suppose for |P ′| ≤ |P |
2
and |L′| ≤ |L|, we have by the
induction hypothesis,
(4.1) |I(P ′, L′)| ≤ C2|P
′|
A
2A−1
+ǫ
|L′|
2A−2
2A−1 + C0(|P
′|+ |L′|).
Our goal is to prove
(4.2) |I(P, L)| ≤ C2|P |
A
2A−1
+ǫ
|L|
2A−2
2A−1 + C0(|P |+ |L|).
We apply Proposition 2.2 to D = C1 on C
2 ≃ R4 and obtain the following partition:
(4.3) R4 = {Q = 0} ∪ U1 ∪ · · · ∪ UM .
Here, Q : R4 → R has degree at most C1, M = O(C
4
1 ), and |Pi| = |P ∩ Ui| =
O( |P |
C4
1
) ≤ |P |
2
. We denote Li to be the set of curves in L with nonempty intersection
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with Ui. Thus, by the induction hypothesis we have,
|I(Pi, Li)| ≤C2|Pi|
A
2A−1
+ǫ
|Li|
2A−2
2A−1 + C0(|Pi|+ |Li|)
≤C[C2C
−4(
A
2A−1
+ǫ)
1 |P |
A
2A−1
+ǫ
|Li|
2A−2
2A−1 + C0(
|P |
C4
1
+ |Li|)].(4.4)
For l belonging to some Li, we apply a result in real algebraic geometry that
implies the number of connected components of l \ {Q = 0} is at most Od(C
2
1) (see
Theorem A.2 of [ST12], [Mil64],[PO49],[Tho65]). We deduce that
(4.5)
M∑
i=1
|Li| ≤ CC
2
1 |L|.
Adding up |I(Pi, Li)| and applying Ho¨lder’s inequality, we obtain
|I(Pcell, Lcell)| =
M∑
i=1
|I(Pi, Li)|
≤C(C2C
−4(
A
2A−1
+ǫ)
1 |P |
A
2A−1
+ǫ
(
M∑
i=1
|Li|
2A−2
2A−1 ) + C0(|P |+ C
2
1 |L|))
≤C(C−4ǫ1 C2|P |
A
2A−1
+ǫ
|L|
2A−2
2A−1 + C0(|P |+ C
2
1 |L|)).(4.6)
Now we recall the two trivial bounds (4.7) explained in the case of real space and
by Lemma 1.5, we have:
(4.7) |I(P, L)| .d |L|
2 + |P |, |I(P, L)| .d |P |
A + |L|.
Thus, one may assume that |P |
1
2 .d |L| .d |P |
A, otherwise we immediately have
|I(P, L)| .d |P |+ |L| and it suffices to choose C0 larger than the implicit constant.
With this assumption, we have
(4.8) |I(Pcell, Lcell)| ≤ C(C
−4ǫ
1 C2 + C0(|P |
−ǫ + C21 |P |
−ǫ))|P |
A
2A−2
+ǫ
|L|
2A−2
2A−1 .
If the following inequality is given
(4.9) I(Palg, L) .C1 |P |
A
2A−1 |L|
2A−2
2A−1 + |P |+ |L|,
then .C1 |P |
A
2A−1 |L|
2A−2
2A−1 by assumption. Hence, we can combine this with (4.8) and
a careful choice of C0, C1 and C2 gives us (4.2). When |P | = 1, (4.2) is trivial, and
we obtain (1.5). For (1.6) the argument is similar and is omitted.
Finally, (4.9) follows from Proposition 4.1 below when r = 3, D = C1 and Σ =
{Q = 0}. 
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Proposition 4.1. Let P and L be as in Theorem 1.6, 0 ≤ r ≤ 3, and let Σ be a
subvariety in C2 ≃ R4 of (real) dimension ≤ r and of degree ≤ D. Then,
(4.10) I(P ∩ Σ, L) .D |P |
A
2A−1 |L|
2A−2
2A−1 + |P |+ |L|.
Proof. When r = 0, Σ is a single point and the inequality trivially holds.
When r = 1, we decompose Σ = Σ1∪Σ2, where every component of Σ1 belongs to
some curve in L and Σ2 do not have a common component with curves in L. Then,
|I(P ∩ Σ1)| .D |P | and |I(P ∩ Σ2)| .D,d |L|.
Now we deal with the case r = 2. By an algebraic geometry result (see, for example,
Corollary 4.5 in [ST12]), one can decompose Σ into smooth points on subvarieties
Σ = Σsmooth ∪ Σsmoothi ,
where Σi’s are subvarieties of Σ of dimension ≤ 1 and of degree OD(1). The number
of Σi’s is at most OD(1). It suffices to bound I(P ∩ Σ
smooth, L).
If l1, l2 ∈ Σ intersect at p ∈ Σ
smooth, by considering the tangent space and the
transverse assumption, we know that p is a singular point of l1 or l2. Since each
curve has Od(1) singular points, we obtain
(4.11) I(P ∩ Σsmooth, Lalg) ≤ |P |+Od(1)|L|.
It remains to estimate I(P ∩ Σsmooth, Lcell). If l does not belong to Σ, then by
Corollary 4.5 of [ST12] the intersection of l and Σ can be decomposed as l∩Σ = ∪
J(l)
j=0lj
for some J(l) ≤ OD(1), where lj is an algebraic variety of dimension ≤ 1 and of degree
OD(1) for each 1 ≤ j ≤ J(l). Let Il,j denote the set {p ∈ P : p ∈ lj}, we obtain
(4.12) |I(P ∩ Σsmooth, Lcell)| ≤
∑
l,j:j≤J(l)
|Il,j|.
If lj is not the union of OD(1) points, then lj belongs to a unique l because distinct
curves in L do not share a common component. By taking a generic projection from
R
4 to R2, we can apply arguments in the proof of Theorem 1.2: use the initial bound
given by L and P , then apply the polynomial method.
When r = 3, we can repeat the proof of r = 2 assuming that the bound holds for
r ≤ 2.

We also have the following corollary for complex curves parametrized by an alge-
braic variety:
Corollary 4.2. Given a finite point set P ∈ C2, an integer d ≥ 1, A =
(
d+2
2
)
−1 and
a subset M ∈ Sd parametrized by an algebraic variety of dimension ≤ k. Let L be
a finite subset of M such that any two distinct curves of L do not share a common
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component and intersect transversally at smooth points. Then, for any sufficiently
small ǫ > 0,
(4.13) |I(P, L)| .ǫ,M |P |
k
2k−1
+ǫ
|L|
2k−2
2k−1 + |P |+ |L|
and
(4.14) |I(P, L)| .ǫ,M |P |
k
2k−1 |L|
2k−2
2k−1
+ǫ
+ |P |+ |L|.
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